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Abstract. We study the class of spacelike surfaces in the four-dimensional Minkowski space 
whose mean curvature vector at any point is a non-zero spacelike vector or timelike vector. 
These surfaces are determined up to a motion by eight invariant functions satisfying some 
natural conditions. The subclass of Chen surfaces is characterized by the condition one of 
these invariants to be zero. In the present paper we describe all Chen spacelike rotational 
surfaces of hyperbolic or elliptic type. 
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1. Preliminaries 

In [5] we considered the general theory of spacehke surfaces in the four-dimensional Minkowski 
space The basic feature of our treatment of these surfaces was the introduction of an 
invariant linear map of Weingarten-type in the tangent plane at any point of the surface, 
following the approach to the theory of surfaces in |2]|4|. Studying surfaces in the Euclidean 
space M^, in j^j we introduced a linear map 7 of Weingarten-type, which plays a similar role in 
the theory of surfaces in as the Weingarten map in the theory of surfaces in R^. The map 7 
generates the corresponding second fundamental form // at any point p G in the standard 
way. We gave a geometric interpretation of the second fundamental form and the Weingarten 
map of the surface in [3j. 

Let : z = z{u,v), {u,v) E V (T> G M^) be a spacelike surface in with tangent space 
TpM"^ = span{2;„, z^} at an arbitrary point p = z{u, v) of M^. Since is spacelike, {zu, z^) > 0, 
{z^,Zy) > 0. We use the standard denotations E{u,v) = {zu,Zu), F{u,v) = {zu,z^), G{u,v) = 
{zy, z^) for the coefficients of the first fundamental form J(A, /i) := EX'^ + 2FXfj, + Gfi'^, A, G M. 
Since /(A, /i) is positive definite we set W = yEG — F^. We choose a normal frame field 
{77,1,712} such that {ni,ni) = 1, (77-2, ?T'2) = —1, and the quadruple {zu, Zv,ni,n2} is positively 
oriented in M.f. 

Considering the tangent space TpM"^ at a point p G M^, in [5] we introduced an invariant 
Cgi,g2 of a pair of two tangents (71, g2 using the second fundamental tensor a of M^. By 
means of this invariant we defined conjugate, asymptotic, and principal tangents. The second 
fundamental form // of the surface at a point p G is introduced on the base of conjugacy 
of two tangents at the point. The coefficients L, M, of the second fundamental form // are 
determined as follows: 
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where the functions c^-, i, j, k = 1,2 are given by 
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The second fundamental form II determines an invariant linear map 7 of Weingarten-type 
at any point of the surface, which generates two invariant functions: 

LN-M^ 1 EN + GL-2FM 

The functions k and x are invariant under changes of the parameters of the surface and changes 
of the normal frame field. The sign of k is invariant under congruences and the sign of x is 
invariant under motions in M.f. However, the sign of x changes under symmetries with respect 
to a hyperplane in M.f. We proved that the invariant x is the curvature of the normal connection 
of the surface. The number of asymptotic tangents at a point of M ^ is determined by the sign 
of the invariant k. In the case A; = there exists a one-parameter family of asymptotic lines, 
which are principal. 

It is interesting to note that the "umbilical" points, i.e. points at which the coefficients of 
the first and the second fundamental forms are proportional, are exactly the points at which 
the mean curvature vector H is zero. So, the spacelike surfaces consisting of "umbilical" points 
in M-f are exactly the minimal surfaces. Minimal spacelike surfaces are characterized in terms 
of the invariants k and x by the equality x^ — A; = 0. 

Analogously to and M^, the invariants k and x divide the points of into four types: fiat, 
elliptic, hyperbolic and parabolic points. The surfaces consisting of fiat points are characterized 
by the conditions /c = x = 0. We gave a local geometric description of spacelike surfaces 
consisting of fiat points whose mean curvature vector at any point is a non-zero spacelike 
vector or timelike vector, proving that any such a surface either lies in a hyperplane of M.f or is 
part of a developable ruled surface in [5]. 

Using the introduced principal lines on a spacelike surface in whose mean curvature 
vector at any point is a non-zero spacelike vector or timelike vector, we found a geometrically 
determined moving frame field on such a surface. Writing the derivative formulas of Frenet-type 
for this frame field, we obtained eight invariant functions and proved a fundamental theorem of 
Bonnet-type, stating that these eight invariants under some natural conditions determine the 
surface up to a motion in 

One of these eight invariants is closely related to the theory of Chen surfaces. We shall 
recall the notion of Chen submanifolds. Let M" be an n-dimensional submanifold of (n -|- m)- 
dimensional Riemannian manifold M""^™ and ^ be a normal vector field of M". In [Tj B.-Y. 
Chen defined the allied vector field a(^) of ^ by the formula 



k=2 



where {^i = -|j^,i^2) • • • ,^m} is an orthonormal base of the normal space of M", and Ai = 

A^-, i = 1, . . . ,m is the shape operator with respect to ^i. In particular, the allied vector field 
a{II) of the mean curvature vector field H is a well-defined normal vector field which is orthogo- 
nal to H. It is called the allied mean curvature vector field of M" in B.-Y. Chen defined 
the ^-submanifolds to be those submanifolds of M""^"^ for which a{II) vanishes identically [1]. 
In |6l [7] the v4-submanifolds are called Chen submanifolds. It is easy to see that minimal 
submanifolds, pseudo-umbilical submanifolds and hypersurfaces are Chen submanifolds. These 
Chen submanifolds are said to be trivial A- submanifolds. 

Now, let be a spacelike surface in M.f whose mean curvature vector at any point is a 
non-zero spacelike vector or timelike vector. We denote by x and y the principal unit tangent 
vector fields of M^, and hj H - the mean curvature vector field. One of the invariants in 

the Frenet-type derivative formulas of (eg. [5]) is A = = {a{x,y), H) in the case 
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{H, H) > 0, and A = = y), H) in the case (if, H) < 0. Applying the definition 

of the aUied mean curvature vector field and the derivative formulas of we get 



Hence, if is free of minimal points (x^ — A; 7^ 0), then a{H) = if and only if A = 0. This 
gives the geometric interpretation of the invariant A. It is clear that is a non-trivial Chen 
surface if and only if the invariant A is zero. 

In the present paper we study spacelike rotational surfaces of hyperbolic or elliptic type in 
the four-dimensional Minkowski space and we describe the class of Chen rotational surfaces 
of hyperbolic or elliptic type. 

2. Rotational surfaces with two-dimensional axis in 

In [2] we considered the class of the rotational surfaces with two-dimensional axis in the 
four- dimensional Euclidean space M^. 

Let 061626364 be a fixed orthonormal base of and be the subspace spanned by 61, 62, 63. 
We consider a smooth curve c : = i^(ti), "u G J in M^, parameterized by 

z{u) = X2{u), r{u)) ; u G J. 

Without loss of generality we assume that c is parameterized by the arc-length, i.e. {x[y + 
(0:2)^ + {r'Y = 1- We assume also that r{u) > 0, u & J. Let k and r be the curvature and the 
torsion of c. We denote by Ci the projection of c into the 2-dimensional plane Oeie2 and by ki 
the curvature of the plane curve Ci, i.e. Ki = x\x\ — x'[x'2- 
Let us consider the rotational surface in M'* given by 

2;(m, f) = (xi (m), 2;2(m), r('u) cos f, r(M) sin t)) ; m G J, t'G[0;27r). 

is obtained by the rotation of the curve c about the two-dimensional axis O6162 (the rotation 
of c that leaves the plane O6162 fixed). 

In [2J we found that the invariants fc, x and the Gauss curvature K of the rotational surface 
are expressed as follows: 

-0; 

Obviously, the rotational surface is a surface with fiat normal connection since x = 0. 
We described all rotational surfaces, for which the invariant k is constant [2j. 
The mean curvature vector field H of is given by: 

2 // 

K r — r Ki 

H = — 61 - —62, 

where 61 and 62 are the normal vector fields, defined by 

^ f II II II II • \ 

61 = — (Xi,X2,r cosf,r smt>); 

K 

^ f I II II I II I I II I I II II I \ I I II II I \ • \ 

62 = — [Xor —XoVjX.r — x,r , [x.Xo — x,X2) cosv, [x,X2 — x.Xo) smv). 

K 

Hence, the mean curvature vector field H vanishes if and only if ki = and n^r — r" = 0. In 
this case the rotational surface is a trivial Chen surface (M^ is minimal). 

In the case ki = and K^r — r" ^ the rotational surface M ^ lies in a three-dimensional 
subspace of W^. Moreover, in this case one can easily get that the allied vector field a{H) 
of the mean curvature vector field is zero, and hence is a Chen surface in M^. Hence, 
is a trivial Chen surface. 
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In the case when /?i 7^ the rotational surface is a non-minimal surface in free of flat 
points. Calculating the invariant A of we get that A = if and only if 

- {r"f - {K, f = 0. 

In this case is a non-trivial Chen surface in M^. 

Now we shall study spacelike rotational surfaces of hyperbolic or elliptic type in Minkowski 
space M.f and we shall describe the class of Chen rotational surfaces. 

We consider the Minkowski space Rf endowed with the metric (,) of signature (3,1). Let 
061626364 be a fixed orthonormal coordinate system in M.f, i.e. 6^ = 6| = 6| = 1, 64 = 
— 1, giving the orientation of M.f. The standard flat metric is given in local coordinates by 
dx ~\~ dx<2 ~\~ dx^> 

A surface : z = z{u,v), {u,v) G V {V C. M^) in is said to be spacelike if (,) induces 
a Riemannian metric g on M^. Thus at each point p oi a spacelike surface we have the 
following decomposition = TpM"^ © NpM"^ with the property that the restriction of the 
metric (, ) onto the tangent space TpM"^ is of signature (2, 0), and the restriction of the metric 
(, ) onto the normal space NpM'^ is of signature (1,1). 

We consider a smooth spacelike curve c : i'= z{u), u & J, parameterized by 

z{u) = {xi{u),X2{u),0,r{u)) ; u E J. 

The curve c lies in the three-dimensional subspace Mf = span{ei, 62, 64} of M.f. Without loss of 
generality we assume that c is parameterized by the arc-length, i.e. (x^)^ + (2^2)^ ~ (^')^ — ^■ 
We assume also that r{u) > 0, u e J and {t'^{u),t'^{u)) 7^ 0, u e J, where tc{u) — z'{u). We 
have the following possibilities: 

!•) {^'ci^'(^ > 0' i-®- {^'iY + (^2)^ ~ (^")^ > 0- this case the Frenet formulas of c are given 

by 

t'^ — nnc, n'^ — —Ktc + T be, h'e = —tHci 

where {tc, he} is the Prenet frame field of c; k and r - the curvature and the torsion of c; ric 
is spacelike, he is timelike. 

2.) {t'e,t'e) < 0, i.e. {x'if + {x'if - {r"f < 0. In this case we have the following Prenet 
formulas of c: 

t'^ = Kflc] n'e = Ktc + T he] b'e = T He, 

where Uc is timelike, he is spacelike. 

Let us consider the surface in given by 
(2.1) z{u, v) — {xi{u),X2{u),r{u) sinhv, r{u) coshv) ; u & J, u e R. 

The tangent space of is spanned by the vector fields 

Zu — {x[ ,X2,r' sinh v, r' cosh v) ; 

Zy — (0, 0, r cosh V, r sinh v) . 

Hence, the coefficients of the first fundamental form of are: 

E^{zu,Zu) = l] F = {zu, Zy) ^ 0; G = {zy, Zy) = r'^{u), 
and the induced metric g on is a Riemannian metric: 

g — du^ -\- r^{u)dv^. 

So, the surface in Mf, defined by (2.1), is a spacelike surface. It is called a spacelike rotational 
surface of hyperbolic type in M.f. It is an orbit of a spacelike regular curve under the action 
of the orthogonal transformations of which leave a spacelike plane point-wise fixed. In our 
case the two-dimensional plane Oeie2 is fixed. 
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A classification of all timelike and spacelike hyperbolic rotational surfaces with non-zero 
constant mean curvature in the three-dimensional de Sitter space §f is given in Similarly, 
a classification of the spacelike and timelike Weingarten rotation surfaces in is found in (TU] . 

Here we shall describe the class of Chen spacelike rotational surfaces of hyperbolic type in 

The second partial derivatives of z{u, v) are expressed as follows 

Zuu = x^, r" sinh v, r" cosh v) ; 
Zuv = (0, 0, r' cosh V, r' sinh v) ; 
Zvv = (0, 0, r sinh v, r cosh v) . 

We consider the following orthonormal tangent vector fields 

X = {x'l , X2, r' sinh v, r' cosh v) ; 
y = (0, 0, cosh V, sinh v) , 

i.e. Zu = x, Zv = ry, and the normal vector fields ni, 71,2, defined by 

Hi = — (x'Z, x'o, r" sinh v, r" cosh w); 

K 

^ f I II II I I II I II I I II I ll\ • \^ f I II I ii\ u \ 

n2 = — (X2r —X2r,rxi—Xir , — Xia;2) smht>, — ) cosh v). 

K 

In the case when 71^ is spacelike the normal vector field rii is spacelike and n2 is timelike. If 
Tic is timelike, then rii is timelike and 72,2 is spacelike. We denote e = {nc,nc). Then we have 
= e, (^2,^2) = -e. 
We calculate the coefficients of the second fundamental tensor of M^: 

C12 — {^uvj IT-l) — 0; 



(2.2) 



r2 - 




n2) 


= 0; 






n2) 


= 0; 


•-22 ~ 
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Let us denote by Ci the projection of c into the 2-dimensional plane Oeie2 and by ki the 
curvature of Ci, i.e. ki = x[x2 — x'2x'[. 

Using (2.2) we calculate the coefficients of the second fundamental form of M^: 

L = 0; M = eKi; N = 0. 

Hence, the invariants k and x of the rotational surface of hyperbolic type are expressed as 

* = -^; x = o. 

Consequently, any spacelike rotational surface of hyperbolic type in is a surface with flat 
normal connection since x = 0. 

With respect to the frame field {x, tt-i, 77,2} the derivative formulas of look like: 

V^x = Kill] V-^ni = —eKx +Tn2] 

V;y = 0; V^ni= —y- 

(2-3) r' _ 

VyX = —y] \/^n2= —erni, 
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So, the Gauss curvature of is: 

K = . 

r 

Obviously is not parameterized by the principal lines. The principal tangents of are: 

(2.4) x= — X -\ y; y = — x y. 

\ J 2 ' 2 2 2 

Then formulas (2.3) and (2.4) imply that the normal vector fields a{x,x), a{x,y), and a{y,y) 
are given by 

, . tk'^ — er" SKi 

cr(x, x) = TT-i n2, 

2rK 2rK 

r/t^ + er" eni 

(2.5) ^("'^) = ^;:^"^ + ^"^' 

TK^ — er" eni 
^^^'^^ = ^^"^-2^"^- 

The normal mean curvature vector field of is 

All Chen spacelike rotational surfaces of hyperbolic type in M.f are described in the following 

Proposition 2.1. The spacelike rotational surface of hyperbolic type M"^ , defined by (2.1), is 
a Chen surface if and only if one of the following cases holds: 

(i) Ki = and rn^ — er" = 0; in such case M"^ is a minimal surface (trivial Chen surface); 

(a) Ki = and rK^ — er" ^ 0; in such case is a surface lying in a three-dimensional 
subspace o/Mf (trivial Chen surface); 

(Hi) Ki 7^ and r^K^ — {r"Y + (ki)^ = 0; in such case JVP is a non-trivial Chen surface in 

Proof, (i) From (2.6) it follows that the mean curvature vector field H vanishes if and only if 

= 0; rK^ - er" = 0. 

In this case the rotational surface is a trivial Chen surface (M^ is minimal). 

(a) In the case ki = and rK'^ — er" 7^ we get that /c = x = 0, and hence consists of fiat 
points. We shall prove that M ^ lies in a hyperplane of M.f. The equality ki = implies that the 
projection of the curve c into 06162 lies on a straight line, and hence c lies in a two-dimensional 
plane orthogonal to O6162. Thus the torsion of c is r = 0. Then, using derivative formulas 
(2.3) we get 

V^n2 = 0; V^n2 = 0, 

which imply that the normal vector field n2 is constant. Consequently, lies in the hyperplane 
of orthogonal to n2, i.e. = span{x, y, ni}. Hence, is a trivial Chen surface. 
(Hi) In the case when ki the rotational surface is a non- minimal surface in free 
of fiat points. According to [5] is a Chen surface if and only if the invariant A is zero. We 
have that A = if and only if {a{x, y), H) = 0, which in view of (2.5) and (2.6) implies 

r\^ - {r"f + {K,f = 0. 

In this case is a non-trivial Chen surface in Wf. 

□ 



In a similar way we consider a spacelike surface in M-f which is an orbit of a spacelike regular 
curve c under the action of the orthogonal transformations of which leave a timelike plane 
point- wise fixed. Let us consider a spacelike curve c : z = z{u) , u E J, parameterized by 

z{u) = {r{u),0,Xi{u),X2{u)) ; u E J. 

The curve c lies in the three-dimensional subspace Mf = spanjei, 63, 64} of M.f. Again we assume 
that c is parameterized by the arc-length, i.e. (r')^ + (x'l)^ — (2:2)^ = 1. We assume also that 
r{u) > 0, u E J and {t'^{u) , t[{u)) 7^ 0, u E J, where tc{u) = z'{u). 
Now we consider the surface in given by 

(2.7) 2;(ii, = (r(n) cos r(ii) sinf , xi(ii), X2('u)) ; u E J, ve[0;27i). 

The tangent space of is spanned by the vector fields 

Zu = {r' cos f , r' sin v, x'i,x'^ ; 

z^, = (— r sin r cos f , 0, 0) . 

Hence, the coefficients of the first fundamental form of M ^ are 

E = {zu, Zu) = 1; F = {zu, z.,) = 0; G = {z^, z^) = r'^{u), 
and the induced metric g on is a Riemannian metric: 

g = du^ + r^(u)dv'^. 

The surface M^, defined by (2.7), is a spacelike surface in M-f. It is obtained by the rotation of 
the curve c about the two-dimensional Lorentz plane 06364. It is called a spacelike rotational 
surface of elliptic type. A local classification of spacelike surfaces in M^, which are invariant 
under spacelike rotations, and with mean curvature vector either vanishing or lightlike, is 
obtained in [8J . Here we shall describe the class of Chen spacelike rotational surfaces of elliptic 
type in M.\. 

As in the case of rotational surfaces of hyperbolic type we consider the orthonormal tangent 
vector fields 

-^v 

y 5 

r 

and the normal vector fields ni, 72,2, defined by 
TLi = — [r cosv,r smv,Xi,X2); 

K 

TI2 — — — '^2^1) COS V ^ (X-1X2 — •^2'^i) sin f , 2^2^ — ^ ^2 •! '^i^ — ^^1)? 

y/2 \/2 

where k is the curvature of c. The principal tangents of are x = ~^{'^ + y); V = ^~(^ ~ 
With respect to the principal tangents x, y we get the following formulas: 

rK^ — er" eki 

a{x, X) = — ni + - — 722, 

Ztk Irn 

, , rK^ + er" cki 

^^^'^) = ^;^"^-2;^^^' 

rn^ — er" eKi 

The invariants fc, k and the Gauss curvature K of are expressed as in the hyperbolic case: 
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The normal mean curvature vector field of is 

TK^ — er" EKi 

H = rii H 77,2. 

2rK 2rK 

All Chen spacelike rotational surfaces of elliptic type in are described in the following 

Proposition 2.2. The spacelike rotational surface of elliptic type M^, defined by (2.7), is a 
Chen surface if and only if one of the following cases holds: 

(i) Ki = and rn"^ — er" = 0; in such case is a minimal surface (trivial Chen surface); 

(a) Ki = and rn"^ — er" ^ 0; in such case is a surface lying in a three-dimensional 
subspace ofM.f (trivial Chen surface); 

(Hi) Ki ^ and r'^n^ — {r"Y + {f^iY = 0; in such case is a non-trivial Chen surface in 

The proof is similar to the proof of Proposition 12.11 

At the end of the section we shall describe all spacelike rotational surfaces of hyperbolic or 
elliptic type in M^, for which the invariant k is constant. 

1. The invariant = if and only if ni = 0, i.e. the projection of the curve c into the 
two-dimensional axis lies on a straight line. In this case lies in a hyperplane of . 
There are two subcases: 

1.1. If K = 0, i.e. r" = 0, then is a developable ruled surface in E^. 

1.2. If K ^ 0, i.e. r" =^ 0, then is a non-fiat surface in E^. 

2. The invariant k = const {k ^ 0) if and only if r(\x) = a {x\x'2 — X2x"), a = const, a ^ 0. 
Moreover, if r{u) satisfies r"{u) = cr{u), then the Gauss curvature K is also a constant. 
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